Introduction
In this short paper, all groups under study are finite, and for a simple group, we mean a non-Abelian simple group. Let G be a group. Then ω(G) denotes the set of orders of its elements of G and π(G) denotes the set of prime divisors of |G| . Associated to ω(G) a graph is called a prime graph of G , which is denoted by
GK(G) . The vertex set of GKG) is π(G)
, and two distinct vertices p, q are joined by an edge if p · q ∈ ω(G), which is denoted by p ∼ q . Definition 1.1 [12] Let G be a finite group and |G| = p 
Definition 1.2 [12] A finite group M is called k -fold OD -characterizable if h OD (M ) = k . Moreover, a 1-fold OD -characterizable group is simply called an OD -characterizable group.
To date, we knew that some groups are k -fold OD -characterizable (see Tables 1 and 2 and corresponding references of [1] ).
In particular, related to alternating groups, we have the following results.
Proposition 1.3 A finite group G is OD -characterizable if G is one of the following groups:
(1) The alternating groups A p , A p+1 , and A p+2 , where p is a prime [11] .
(2) The alternating groups A p+3 , where p is a prime and 7 ̸ = p ∈ π(100!) [6, 10] .
Proposition 1.4 Alternating group A 10 is 2-fold OD -characterizable.
We set s(G) to denote the number of connected components of the prime graph GK(G) . Some authors proved that some special groups with s(G) ≥ 2 are OD -characterizable. However, if s(G) = 1 , the author has proved that the alternating groups A 27 are 6-fold OD -characterizable. Therefore there is a question: which of the alternating groups is OD -characterizable? Related to s(G) = 1 for the alternating group, Moghaddamfar and Rahbariyan gave the following conjecture about the alternating group A p+3 .
Conjecture.
[10, pp. 665, Conjecture 1] Let p ̸ = 7 be a prime. Then the alternating group A p+3 is OD -characterizable.
Inspired by the works of [6, 10] , we generalize some authors' results and show that the alternating groups A p+3 with s(A p+3 ) = 1 are OD -characterizable by using the classification of finite simple groups, which gives a positive answer regarding Moghaddamfar and Rahbariyan's conjecture. In fact, we prove the following.
Main Theorem. The alternating groups A p+3 except for A 10 are OD -characterizable.
Preliminary results
In this section, we will give some results that will be used.
Lemma 2.1 [15] Let S = P 1 × P 2 × · · · × P r , where P i 's are an isomorphic non-abelian simple group. Then 
By [2] , we have that |A n | = n!/2 and |S n | = n!.
Let exp(n, r) = a denote that r a | n but r a+1 ∤ n . ( 
Lemma 2.4 Let
Proof. See [6] . 8,12,14,18,20,24,30} 
Lemma 2.8 Let a, b, and n be positive integers such that (a, b) = 1 . Then there exists a prime p with the following properties:
with the following exceptions:
Proof See [17] . 2 Lemma 2.9 Let q > 1 be an integer, m be a natural number, and p be an odd prime. If
Proof See Lemma 8(1) of [4] . 2 Table 3 . The simple sporadic groups. 
Lemma 2.11 If n ≥ 6 is a natural number, then there are at least s(n) prime numbers
• s(n) = 3 for 18 ≤ n ≤ 37 ;
• s(n) = 2 for 14 ≤ n ≤ 17 ;
• s(n) = 1 for 6 ≤ n ≤ 13 .
In particular, for every natural number n > 6 , there exists a prime p such that n+1 2 < p < n − 1, and for every natural number n > 3, there exists an odd prime number p such that n − p < p < n . 
Proof By Lemma 2.7, G is isomorphic to alternating group, simple group of Lie type, or sporadic simple groups.
If G is an alternating group, then |Out(A n )| = 2 if n ≥ 5 and n ̸ = 6 ; |Out(A n )| = 4 if n = 6 (see [7] ). Hence we have the desired result.
If G is a sporadic simple group, then by Table 3 we have the result.
Therefore, we only consider that G is a simple group of Lie type. By hypothesis, if p < 3 , then G is a {2, 3}-group that is soluble by Burnside's theorem (see [5] , for instance). Hence in the following, let p ≥ 5 .
Suppose the contrary; then p | |Out(G)| . We mainly consider three cases. If i ≥ 2 and m = 1, then by Lemma 2.11, there is a prime r with p ≤ (p + 1)
which contradicts the maximality of p .
If i ≥ 2 and m ≥ 2, we also can rule out this case as " i ≥ 2 and m = 1 ". 
Main theorem and its proof
Since A p , A p+1 , A p+2 are OD -characterizable, we only consider when p + 2 is composite, namely, we have the following result.
Theorem 3.1 If G is a finite group such that D(G) = D(A p+3 ) and |G| = |A p+3 |, where 7 ̸ = p is a prime, and p + 2 is not prime, then G is isomorphic to A p+3 .
Proof Since p ̸ = 7 and p + 2, p + 4 are primes, we can assume that p ≥ 13 . We will prove the theorem by a series of lemmas. 2
Lemma 3.2 Let K be the maximal normal soluble subgroup of G . Then K is a π -group, where π = π(3(p−1)).
In particular, G is insoluble.
Proof By Lemma 2.6, G is insoluble and if K is the maximal normal soluble subgroup of G, then K is a π -group, where π = π(3(p − 1)) . 2 
Lemma 3.3 The quotient group G/K is an almost simple group. In fact, S ≲ G/K ≲ Aut(S).
Therefore, for certain j , p divides the order of an outer-automorphism of a direct product S j of t isomorphic simple groups B i for some 1 ≤ j ≤ m. Since B i ∈ F p , it follows from Lemma 2.13 that p ∤ |Out(B i )| . However, 
Lemma 3.5 S is isomorphic to
Proof By hypothesis and Lemma 3.4,
According to the classification of simple groups, we see that the possibilities for S are the alternating groups A n with n ≥ 6, one of the 26 sporadic simple groups, or simple groups of Lie type.
• Case 1. S ∼ = A n with n ≥ 6.
Then n = p, p + 1, p + 2, n = p + 3 or p + k with k ≥ 4 . If n = p + k and k ≥ 4, then order consideration rules out this case. Therefore, S ∼ = A n with n = p, p + 1, p + 2, p + 3 .
• Case 2. S is not isomorphic to a sporadic simple group according to [2] .
• Case 3. S is isomorphic to a simple group of Lie type.
Let q be a prime power.
In this situation, by hypothesis, π(G) = {2, 3, 5, 7, · · · , p} and so
Then, without loss of generality, we assume that p = q n − 1 or p = q n + 1 and hence 2 | q by Lemma 2.8. By Fermat's little theorem, n ≤ (p − 1)/2 and so n 2 ≤ n by Lemma 2.4, a contradiction.
Therefore, we have
Since the Sylow p -subgroup of G is of order p , p ∤ q as otherwise, q = p and thus n = 1 , a ≤ n + 3 and hence n = 3 , a contradiction.
In this situation,
Since the Sylow p -subgroup of G is of order p and n ≥ 2, we obtain that p | q t+1 − (−1) t+1 for some integer 1 ≤ t ≤ n.
Let n be odd. exclude that H/K ∼ = E 6 (q), E 7 (q) and F 4 (q) .
Then we have q ≤ n + 3. Thus we get n ≤ 3 ; order consideration rules this out.
Let t = n. Then similarly we can rule out "t = n − 1".
This completes the proof of the lemma. 2 Lemma 3.6 G is isomorphic to A p+3 .
Proof By Lemma 3.3, S ≤ G/K ≤ Aut(S). By Lemma 3.5, S ∼ = A n with n = p, p + 1, p + 2, p + 3 . We consider the following cases. This completes the proof of the Lemma and also of the main theorem. 
Some applications
We knew that alternating groups A p , A p+1 , and A p+2 , where p is a prime, are OD -characterizable (see [11] ) and by our main theorem, we have the following. 
